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A family of ideal MHD equilibria is considered introducing the concept of a driving parameter / 

the increase of which beyond a certain threshold Ao drives the plasma from a linearly stable to an 
unstable state. Using reductive perturbation theory, the nonlinear ideal MHD equations of 
motion are expanded in the neighbourhood of Ao with respect to a small parameter e. An ap-
propriate scaling for the expansions is derived from the linear eigenniode problem. Integrability 
conditions for the reduced nonlinear equations yield nonlinear amplitude equations for the 
marginal mode. Nonlinearly, the instabilities are either oscillations about bifurcating equilibria, 
or they are explosive. In the latter case, the stability limit depends on the amplitude of the 
perturbation and is shifted into the linearly stable regime. Generally bifurcation of dynamically 
connected equilibria is observed at . 

1. Introduction 

Among macroscopic large-scale instabilities the 
so called ideal MHD instabilities are of major im-
portance due to their potential destructiveness. 
Their essential properties are qualitatively unaffect-
ed by nonideal effects like resistivity, viscosity, 
anisotropy, etc. so that they may be rather well 
described by using the framework of ideal MHD 
theory. Ideal MHD instabilities do certainly belong 
to the most dangerous plasma instabilities since 
they may destroy an equilibrium structure within 
a fraction of the confinement time admitted by 
nonideal effects. Thus, stability of thermonuclear 
plasmas with respect to ideal MHD modes is an 
indispensable requirement. 

The linear theory of ideal MHD modes is already 
a rather complex topic, and over the last two de-
cades great effort has been devoted to its investiga-
tion. A survey of this field and lists of representa-
tive references may be found e.g. in Refs. [1] and 
[2], At least qualitatively, linear stability is now 
fairly wellunderstood — last but not least by ex-
tensive use of modern computers. Since a better 
understanding of linear problems was urgent and 
difficult, the interest was for a long time mainly 
concentrated on this theory. 

Reprint requests to Prof. Dr. E. Rebhan, Institut für Theo-
retische Physik, Universität Düsseldorf, Universitätsstr. 1, 
D-4000 Düsseldorf. 

Experimentally, no plasma is completely stable, 
but it has been observed that, due to nonlinear 
saturation effects, one can live with certain insta-
bilities. In the endeavour to understand those effects 
as well as the physical nature of certain dramatic 
instabilities like the disruptive instability, interest 
arose for studying the structure of nonlinear insta-
bilities and the nonlinear wave-wave interaction. In 
the case of specific modes nonlinear theories were 
developed [3, 4, 5]. More general situations were 
studied by computer simulation [6]. Searching for 
stable ideal MHD equilibria by numerical minimiza-
tion of the plasma energy still another approach to 
the problem of nonlinear stability appeared [7, 8], 

In this paper, the nonlinear evolution of ideal 
MHD modes near the boundary of linear stability 
is studied. We assume the existence of a ,,driving 
parameter" A whose increase beyond a threshold Ao 
leads a plasma equilibrium from a linearly stable to 
an unstable state. Introducing a small parameter e 
so that e -> 0 when A Ao, we treat the nonlinear 
ideal MHD equations of motion by using a reductive 
perturbation method [9]. This method has its origin 
in bifurcation theory and was developed by Andro-
now, Hopf, Bogoljubow, Mitropolski and others. It 
was successfully applied in hydrodynamics, see e.g. 
Ref. [10], and physical chemistry [11] in order to 
study the formation of dissipative structures. There, 
a close connection to equilibrium bifurcation was 
found. Bifurcation of equilibria has also been studied 
in MHD theory [12], taking into account the top-
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ological constraints imposed by the dynamics of the 
problem only to lowest order. Since in ideal plasmas, 
the magnetic field lines are frozen into the fluid, the 
field line topology must be left unaltered by bifurca-
tion in order that the new equilibria be dynamically 
accessible from the original one. This dynamical 
connection constraint provides a severe complica-
tion of the bifurcation problem in the sense that 
studying nonlinear motion reveals a connection to 
equilibrium bifurcation but not vice versa. 

The paper is organized in the following way: In 
Sect. 2 we introduce the concept of the driving pa-
rameter A into the theory of ideal MHD-equilibria 
and expand the equilibrium equations in powers of 
1 — Ao where Ao determines the linear stability limit. 
In Sect. 3 we derive a scaling for the expansion of 
nonequilibrium quantities by considering almcst 
marginal eigenmodes of the linearized equations of 
motion. In Sect. 4 the nonlinear relation between 
the fluid displacement and the velocity v will be re-
solved. In Sect. 5 we reduce the nonlinear equations 
of motion by introducting the perturbation expan-
sions obtained in Sect. 3 (reductive perturbation 
method). In Sects. 6 and 7 we derive nonlinear am-
plitude equations for the marginal mode. Finally, 
in Sect. 8, the different types of motion allowed by 
the theory will be studied. Bifurcation of dynam-
ically connected equilibria will be found and related 
with the nonlinear motions. In the Appendix a list 
of all operators which are used in the paper is given 
in order to enable a more compact mathematical 
representation. 

This paper restricts to the case of internal modes, 
1.e. the position of the plasma boundary is un-
affected by the plasma motion. Internal modes may 
appear naturally, or they may be forced by the 
assumption that the plasma is in direct contact 
with a wall. 

2. Equilibrium and Driving Parameter X 

Let us consider a family of ideal MHD equi-
libria which depends on one or several parameters 
Ai, A2, The limit between linearly stable and 
unstable will generally depend on these parameters 
and will be represented by a surface in parameter 
space (Figure 1). Parameters without influence on 
stability will not be taken into account. Parameters 
the range of which extends across the stability 
boundary are called "driving parameters". We shall 
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Fig. 1. Boundary of linear stability in parameter space. 

only consider equilibria for which at least one driv-
ing parameter exists. 

If there are several driving parameters, it will 
always be possible to find a path Ai(A), A2(A), ... 
(dotted curve in Fig. 1) which leads from the stable 
into the unstable region. Thus, the transition from 
linearly stable to unstable may be described by a 
single parameter. Therefore we shall consider in this 
paper equilibria with only one driving parameter1. 
According to this definition the linear growth rates 
depend on A, and we complete our definition by the 
requirement 

y2 = 0, dy2/dA > 0 for A = A0, (1) 

where y denotes the linear growth rate of the most 
unstable eigenmode. Further we shall assume in this 
paper that y is an isolated eigenvalue of the linear 
stability operator. 

There are many MHD equilibria for which a driv-
ing parameter exists, and usually there exist even 
many different possibilities of choosing A. Specific 
examples of driving parameters are ß =2p/ B2, geo-
metrical parameters determining the plasma shape, 
parameters determining the pressure profile or, in 
tokamaks, the inverse safety factor. Applications 
of the theory presented in this paper may be ap-
preciably simplified by properly choosing the driv-
ing parameter. 

All the considerations in this paper will be re-
stricted to A values in the neighbourhood of the 
critical value Ao- We assume that the equilibrium 
values B 0 ( r , A) and po[r, A) of the magnetic field 

1 For studying specific problems it might sometimes be 
useful to keep the explicit dependence on more than one 
parameter. 
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(2) 

and pressure can be expanded in power series 
ß 0 = BOO + RßOI + T 2 B 0 2 + T 3 B 0 3 + • • •, 

Po = Poo + rpoi + T2^02 + TSP03 H , 

where 
r = A - A0, (3) 

and where p00 = p0(r, Ao), poi = dpo(r, A0)/8A0 etc. 
We shall assume that po does not depend on A and 
write 

Qo = poo • (4) 
For the sake of simplicity, we assume 

Vqoo = 0 . (5) 

Static ideal MHD equilibria have to satisfy the Eqs. 
jo X Bo = Vpo, V-B0 = 0 , (6) 

where 
j = V X B. (7) 

Introducing the expansions (2) into the equilibrium 
Eqs. (6) and equating the coefficients of equal pow-
ers in r, we obtain the Eqs. 

j oo X Boo = Vpoo > 
joo x -Boi + joi x Boo = V^oi, 

joo X B02 + jo2 X Boo + j01 X Boi = Vpo2, (8) 
j00 x Bos + j01 x B02 

+ J02 x Boi +703 x Boo = Vpos, 

V • Boi = 0 , » = 0 ,1 ,2 , . . . . 

3. Scaling of Timedependent Perturbations 
In order to find an appropriate expansion of the 

timedependent equilibrium perturbations, we shall 
first consider the linear eigenmode problem (see, e.g. 
[13]) 

Q o o V m 2 = Qooy2Z = To(Z), (9) 
% = being the linear displacement of a fluid 
element and Fo the linear MHD stability operator 
for the equilibrium B0, po (Eq. (A 7) in the Ap-
pendix). 

We expand Eq. (9) about A = Ao setting 
T = Ti£ + T2£2 + T3£3 + ••• (10) 

and 
^ = £ ^ + £ 2 ^ + . . . , (11) 

where e is a small expansion parameter. From the 
expansions (2) we get 

F 0 = Foo + r F o i + t 2 F 0 2 + •••, (12) 

the operators Foo, F0i and F02 being defined in the 
Appendix. Inserting Eqs. (11) and (12) in Eq. (9) 
yields 

!?ooy25i + - " (13) 
= Foo (£i) + £Foo(^2) + t F o i ( ^ I ) + •••. 

According to Eqs. (1), (3) and (10) we have y2 = 0 
for e = 0, and thus, from Eq. (13) we get to lowest 
order 

0 = F0 0(Si), (14) 

i.e. is the marginal eigenmode. Since for internal 
modes the operator Foo is selfadjoint [13], using 
notation (A2) we have 

(?i,Foo(5a)) = (52,Foo(5i)) = 0 . (15) 

Eqs. (13) —(15) lead to 

ya = r (§ i ,Foi (5i ) ) / (§ i ,eoo§i ) + - . 
Thus, 

= + j/r \ \ , 

i.e. time derivatives of first order scale like |/r as 
T —S- 0. This result suggests the introduction of a 
slow time scale T defined by 

ö/e* = j/78/8T (16) 

with the consequence that 

a § i / a r = y r 5 i , Yi = yl]/r = 0(l). 

Note that, due to the appearence of J/ r, our investiga-
tion is for the time being restricted to linearly un-
stable modes ( r > 0 ) . Linearly stable modes ( r < 0 ) 
will be included through a slight modification in 
Section 7. 

According to linear stability theory [13] the per-
turbational fields B — BQ and p — po are given by 

B - BO = V X (5 X B0) = £ V X (Si X B0) 

+ P — Po = — (S • Vpo + 3 Po V • S)» 
= - £(Sl- V/>0+ 3 PoV-Sl ) 

(17) 

-£2(S2'Vpo + |PoV-%2) , 

i.e. B — B^ and p — po are power series in e. The 
fluid velocity is given by 

t> = e5/8* = j / r65/öT. (18) 

Following Eq. (18) we shall represent also non-
linearly the velocity field by a timederivative 

v = |/-r (19) 
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where the vector field cp depends on r and t. Let 
us note that in the nonlinear case cp cannot be inter-
preted as the fluid displacement. The nonlinear re-
lationship between the latter and cp will be derived 
in the next Section. 

In order to solve the nonlinear equations of mo-
tion we shall try the same scaling as the one ob-
tained in the linear case, and by analogy we shall 
also expand Q in powers of E: 

Q — Qoo = £Qi H , 

B — B0 = EBI + E2 B2 + E3ß3 + , 

p — Po = epi + £2 V2 + £3 P3 ^ , 

cp = ecp! + £2Cp2 + £3Cp3 + • • • , 

where QI, BT, pt and cpf, i = 1, 2, 3, . . . , are func-
tions of r and t. If we introduce here the equilib-
rium expansions (2) together with expansion (10), 
we finally obtain the following scaling 

Q — 000 + ££?i + , 

B = BOO + £(TIBOI + BI) 

+ £
2

(T
2
BOI + T I

2

B
0
2 + B2) 

+ £3 (T3 Boi + 2 n T2 Bq2 
+ Ti3ß03 + B3) + ---, 

P = Poo + £ (TI Pol + Pi) (20) 
+ £2(T2^01 + Ti2P02 4- PZ) 
+ £3(T3 Pol + 2 n T2 P02 

+ TI3P03 + 2>3) 4 , 

cp = ecpi + e2cp2 + £3cp3 + • • • , 

t = £ Ti + £2 r 2 + £3 T3 + • • • • 

The velocity field v is given by (19), and time 
derivatives scale according to (16). 

4. Resolution of the Nonlinear Relation Retween cp 
and 

Let R(t) be the position of a fluid element at 
time t the equilibrium position of which was r. 
Then, 

Z(r,t) = R(t)-r 

is the fluid displacement, and from dR/dt = v we get 
the nonlinear relationship 

6$(r,0/af = * ( r + 5 ( r , 0 , 0 - (21) 

With the ansatz (19) and using relation (16), we ob-
tain after one time integration 

Z>(r,t)=<p(r + lE>(r, t),t). (22) 

An integration function of r has been chosen in such 
a way that £ = 0 for cp = 0. This is possible since 
in the definition of cp (E. (19)) a free vector func-
tion of r remains undetermined. 

Expansion of cp(r-f t) in a Taylor series with 
respect to £ yields 

1 „ „ 6 0 
? = + + — — cp + ---, (23) 

2 0r 0r 

where the scalar operator J*l*: 0/0r 0/0r is the 
scalar product of two tensors. In (23), the argument 
of the functions on both sides are r and t. This non-
linear relationship between cp and I* may be solved 
by using the expansion (20) for cp and by assuming 
a similar expansion for ^ 

(24) 

Equating equal powers of e on both sides, we ob-
tain the equations 

\x = cpi, = cp2 + • Vcpi, 

= <p3 + \l • V<p2 + • V<pl 

, 1 r t: 0 8 
+ — — «pi. 2 or or 

If the lower order results are introduced into the 
higher order results, we finally obtain 

= cpi, = <p2 + <pi • Vcpi, 

£3 = <p3 + <Pi- Vcp2 + (<p2 Hr <pi • Vcpi) • Vcpi 
, 1 0 0 (25) 

+ — <pi<pi: — — cpi, 
2 0r or 

As we shall see in Sects. 5—6 the vector functions 
<pi > <P2 > • • • a re determined by the nonlinear equa-
tions of motion which do not contain the displace-
ment vector Thus, once solutions cpi, cp2, • • • 
have been obtained using the methods of the next 
Sections, the displacement field \ {r, t) can be easily 
calculated by introducing Eqs. (25) into the ex-
pansion (24). 
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5. Reduction of the Nonlinear Equations of Motion 

In ideal MHD theory, the nonlinear equations of 
motion are 
a) Qfiv/dt + v • Vv) =j X B — VP, 

b) dBjdt = V X (v x B), (26) 
c) dp/dt = — (v • Vp + 3 pV ' v), 
d) 0g/0f = — v - ( e » ) -

j is given by Eq. (7), and V • B = 0 must be im-
posed as initial condition. Since we shall only con-
sider motions which are dynamically connected with 
equilibrium states satisfying V • B0 = 0, we may 
forget about this initial condition. 

For internal modes, we have the boundary con-
dition 

"oo • v = 0 , (27) 

where noo(r) is a unit vector normal to the unper-
turbed plasma boundary. Using the notation noo 
we tacidly assume that the shape of the plasma 
boundary does not depend on the driving param-
eter. The latter possibility will be considered in the 
context of external modes in a following paper [14]. 

With our ansatz (19), from Eq. (27) we obtain 
after time-integration 

"oo <p = f(r), 

where f(r) is an arbitrary function. Since in the de-
finition of cp (Eq. (19)) only timedependent vector 
fields cp are meaningful, the last equation can only 
be satisfied if /(r) = 0, i.e. we have 

reoo • cp = 0. (28) 

Inserting the expansion (20) for cp in (28), we ob-
tain the reduced boundary conditions 

"oo • <p* = 0, » = 1 ,2 ,3 , . . . . (29) 

Let us now insert (16), (19) and (20) into the non-
linear Equations (26). Equating the coefficients of 
equal powers in e and making use of the equilibrium 
Eqs. (8), with the notations of the appendix we ob-
tain after some calculation the following systems of 
equations: 

order e: 

a) 0 = joo X Bi + ji X Boo - VPi, 

b)* dBi/dT = 0Rio(cpi)/0T, 

c) dpi/dT = 0/*io(cpi)/0T, (30) 

d) 0e i / 0T = — 0(eooV - cp i ) / 07\ 

Only the lowest order of the continuity equation 
will be needed so that its higher orders are going 
to be omitted. 

Order e2: 
a) Ti 000 02<pi/0T2 = joo X B2 +j2 X Boo - VP2 + ti(j0i X Bi + ji X B0i), 
b) 0B2/0T = 0(Rio(cp2) + riBn(«pi)) /0r + Bi(0cpi/0T, B x ) , (31) 

c) 6^2/0T = 0(/ l o(cp2) + r i / n ( c p i ) ) / 0 T + / i ( 0 c p i / 0 T , ^ ) . 

Order e3: 
T2 000 02Cpi/0T2 + Ti0OO[02<p2/0^2 + (0q>l/0T) • V(0Cpi /0T)] + Ti 01 02cpi/0T2 

a) = joo X B 3 + 73 X Boo - + rx (joi X B2 + j2 x B0i) 
+ r2(joi X Bi + j i x Boi) + Ti2(j02 X Bi +j1 x B02) +Ji X B2 + 72 X Bi, 

b) 0B3/0T = (0/0T) [Bio(cp3) + TiBn(cp2) + T2Bn(cpi) + ri2Bi2(cpi)] + Bi(0cpi/0T, B2) 
+ Bi(0cp2/0T,Bi), (32) 

c) dpsldT = (0 /0T)[ / l o ( cp3) + r i / n ( cp 2 ) + r2 /n(<pi) + Ti2 /i2(cpi)] + / i (0cp i /0T , p2) 
+ /i(0cp2 /0T, pi). 

In order to obtain information about the nonlinear motion, it will turn out that, depending on the sym-
metry of the problem, we shall have to go either to second or to third order in e. Tnerefore, we shall 
not consider higher orders in this paper. 

* Notation see Appendix a). 
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9. Derivation of Nonlinear amplitude Equations 
for <pi 

The next step will be to integrate the equations 
for Bi and pt with respect to time and to eliminate 
these quantities order for order. The condition for 
dynamical connection of the timedependent states 
with equilibrium is 

Bi2 = pi = 0, i= 1 ,2 ,3 , . . . (33) 
for S = 0. In the following, integration functions will 
be chosen such that the conditions (33) be satisfied 
for <pi = <p2 = tp3 = 0. According to (24), (25) we 
then have \ — 0 too. 
Order e: 

Time integration of Eqs. (30) b)—c) yields 
Bi = Bio (<pi), Pi = /10 (q>i) • (34) 

Inserting this result into (30a), using (A8) we ob-
tain 

Foo(tpi) — 0. (35) 
(30 d) may be integrated giving 

f?i = — Q00V -<pi • (36) 
Since the MHD-operator Foo contains only spatial 
derivatives, we may separate the space- and time-
dependencies in <pi by setting 

tpi{ri T) — Ai(T) *l>i(r) ** . (37) 
Inserting this in (34), with the property (A 14) we 
get 

Bi = Ai(T)B\(r), B i = B i o ( * i ) , 

pi = Ai(T)pi(r), £ i = / i o ( * l ) . . ( 3 8 ) 

Our separation ansatz (37) enables a time integra-
tion of the higher order equations. 

Order e2: 
With (37), (38), and (A 16), the last terms in 

Eqs. (31) b)—c) become also time-derivatives: 
Bi(0<pi/8T, Bi) = A1Ä1 B i ( * i , B i ) 

= (Ai*I2)'BI(&I,BI) 
— (1/2) 9Bi( tpi , B i ) /0T . 

Similarly we may treat the last term in (31 c) and, 
taking (34) into account, we finally obtain 

Bi(0<pi/0T, B i ) = (1/2) 0Bi(cpi, Bio(«pi))/0T, 
/ i (a«pi /0T ,pi ) = ( l /2 )0 / i (cp i , / io (<p i ) ) /0T, 

** In view of Eqs. (38), using cpi instead of <I>i would 
yield a more uniform notation. The choice of <I>i is a 
printing technicality. 

and together with (31) b)—c) 

B2 = Bio(tp2) + riBn(cpi) 
+ (l/2)Bi(cpi,Bio(<pi)), (39) 

P2 -- /io(q>2) + Tl/ll(<pl) 
+ (l/2)/i(<p1 , /io(<pi)). 

Inserting the results (34) and (39) into (31a) we 
obtain with the definitions (A9) and (Al l ) 

Foo(<p2) = n QooVyildT* — nFoi(cpi) 
— (l/2)G00(<Pi,cpi). (40) 

(40) is an inhomogeneous differential equation for 
cp2. A solution exists only when its right hand side 
is orthogonal to the solution of the adjoint homoge-
neous problem. The latter is given by (35), since Foo 
is selfadjoint for the boundary conditions (29). Using 
(15) with replaced by cpi, Eqs. (37), (A 16) and 
introducing the normalization 

= (41) 

for (40) we obtain the condition of integrability 

N ( i ' I - yT2Ai) = (3<5T/2MI2 , (42) 
where 

yT = eoV(3>i,Foi (<£1)), (43) 

ö r = ( 3 g o o ) - 1 ( ^ i , GOO(*I, 3>I))- (44) 

Inserting (37) and (42) into (40), we get using (A 16) 

Foo(<p2) = Tl(e00 7T2<£l — Foi (Ol ) )^ ! 
+ (3 goo ST - Goo > (^12/2) • (45) 

From this equation, we obtain the timedependence 
of cp2 using the ansatz 

Cp2 = <P20 + <P21 + <(>22 > 
<P20 = A2(T) <E>20 (r) , 

(46) 
Cp2i = riAi(T) &2i(r), 
<P22=(Al2(T)/2) &22(r). 

In order to satisfy the boundary condition «oo " 
cp2 = 0 (Eq. (29)) we require 

reoo ' *P2n — 0, n = 0 ,1 ,2 . (47) 

This requirement is necessary for 

A2(T) mAi(T) m (Ai*(T)l2) 

which will generally be the case. 
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According to (45) and (A 14), the 4>2n must sat-
isfy the equations 

a) FOO(4»2O) = 0 , 

b) Foo(<t>2i) = QooyT2 — Foi(4>i), (48) 
c) Foo(^>22) = 3 — G o o ^ i , <&i) • 

According to the definitions of yr2 and <5T (Eqs. (43) 
to (44)), the conditions of integrability for the in-
homogeneous equations (48) b)—c) are automat-
ically satisfied. Obviously, for internal modes we 
have 

3>2o(r) = <l>i(r). (49) 

We shall however keep the notation <t>20 for the 
sake of generality. Inserting (37) and (46) in (39), 
we obtain using (A 14), (A 16) 

B2 = B20 + B21 + Ö22 j 

P2 = P20 + P21 + P22, 

B20 = A2(T) B20(r), 

B?i = r i i i ( T ) B2i(r), 

B22 — (Ai2(T)/2) B22 ( r ) , (50) 

P20 = A2{T)p2o(r), 

P21 = ~C\A\{T) ft2\ (r) , 

V22 — {Ai2 (T)/2) p22(r), 

where 

B20 = Bio (^20), P20 = /no (<t>2o), 

B 2 i = Bio(<t>2i) + B n ( 4 » i ) , 

P21 = / l o ( ^ 2 l ) , (51) 

B22 = BIO(4>22) + Bi(4>i, Bio(4»i)), 

P22 = /no(^22) + / l ( * l , / * l o ( * l ) ) • 

Order e3: 

Let us now treat the time integration of (32 b). 
Using (37), (38), (50), and (A 16), we obtain 

Bi (9<pi/9T, B2) + Bi (6<p2/eT, Bi) 
= i i^ 2 Bi (<I» i , B20) + i 2 ^ i B i ( 4 » 2 0 , Bi) 

+ n(^i 2 /2 ) - [Bi (4»!, B2I) 

+ B i ( * 2 1 , B I ) ] 

+ (^i3/6)-[Bi(4>i, B22) + 2Bi(4»2 2 , BI)] . 

Defining functions ai2(T) and a2i(T) through 
«12 = ^ 1 ^ 2 , «21 = (52) 

and using (51) and (A 16), we obtain after some cal-
culation 

Bi(£cpi/eT, ß 2 ) + Bi(e<p2/8T. B1) 
= (0/ÖT) (ai2Bi(«I»i,Bio(«l>2o)) + O2iBi(4»20! Bio(^i ) ) 

+ I [Bi (cpi, Bio (<p2i)) + Bi (cp2i, Bio (cpi)) + n Bi (cpi, B a (cpi))] 
+ 1 [Bi (cpi, Bio (cp22)) + 2 Bi (cp22, Bio (cpi)) + £ Bi (cpi. Bx (cpi, B i 0 (cpi)))]} . 

We can now perform the timeintegration of (32) b) getting 

Bs = Bi0(cp3) + riBn(cp2) + T2Bn(cpi) + ri2Bi2(cpi) + ai2Bi(<i>i, Bi0(<i>2o)) 
+ «21 Bi (4>20, Bio (3»i)) + \ [Bi (cpi, Bio (CP21)) + Bi (cp2i, B i 0 (cpi)) + ri BI (cpi, B n (cpi))] 
+ I [Bi (cpi, Bio (cp22)) + 2 Bi (cp22, Bio (cpi)) + £ Bi (cpi, Bi (cpi, B i 0 (cpi)))]. (53) 

We obtain in a similar way 

P3 = /l0(Cp3) + Ti/n(cp2) + T2/1I (cpi) + Ti2 /i2(cpi) + ai2 / l(4»l,/l0(<t>20)) 
+ «2l / l (3 > 20 , / l0 (3 > l ) ) + i [ / l (cpi , / l0(cp 2 l ) ) + / l (cp 2 l , / lo(cpl)) + Tl/l(cpl, /ll(cpi))] 
+ il>i(<pi,/io(V22)) + 2/i(cp22,/io(cpi)) + |/ i (cpi , / i (cpi , / io (cpi)) ) ] • (54) 

From Eqs. (52), we get d(ai2 + a2i — AiA2)/dT = 0 or 

«12 + «21 = ^1^2, i 5 5 ) 

where the integration constant is chosen such that B32 = p3 = 0 for cp3 = 0 and ^4i = -42 = 0. 
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With the help of (36), (53), and (54), qi, B3 and ^3 may be eliminated from (32a). After a rather 
lengthy calculation where use is made of (39, (55) and of several operators defined in the Appendix 
together with their properties described there, one obtains 

Foo(<p3) = (?OO{T2 62<pi/6T2 + n[02<p2/ÖT2 + (6cpi/8T) • V(8cpi/8T) - 62cpi/8T2 V • cpi]> 
— {TI Fol (cp2) + T2 F01 (cpi) + TI2F02 (cpi) + A12 Goo (3>I, ^20) + «21 Goo («$20, 3>I) 
+ i [Goo (cpi, cp2i) + Goo (cp2i, cpi)] + | [G00 (cpi, cp22) + 2 Goo (cp22, cpi)] 
+ (ri/2) G01 (cpi, cpi) + } Hoo (cpi, cpi, cpi)} . (56) 

Inserting (37), (46) and using some of the operator properties specified in the Appendix, from this we 
obtain 

Foo(cp3) = eoo{T2^1 <E>1 + n [ A 2 <t>20 + t\A\ <I>21 + ^12(4>22 + 3>1 • V * l ) 

— {TiFoi(<i>2oM2 + Goo(*i , <$20)012 + Goo(*20, Oi )o 2 i 
+ [TI2(FOI(4»2I) + F 0 2 ( * i ) ) + T2F0I(^I)]^I 
+ TI[FOI(*22) + Goi ( O l , + G o o ( * l , *2l ) + GOO(*21, * l ) ] ^ l 2 / 2 
+ [ G 0 0 ( * i , 4»22) + 2G0o(«t>22, + Hoo(3>i, <&i, <I»i)]^i3/6}. (57) 

(57) is generally valid for internal as well as for ex-
ternal modes. A condition of integrability can be 
derived in a similar way as for (40). Turning our-
selves to the special case of internal modes we shall 
now take advantage of (49). Making use also of (41), 
(43), and (44), we get the integrability condition 

r2(ii - 7t2^i) + n(Ä2 - yT2A2) 
+ T i ( r i a i i i + a 2 i ' i ^ i + bA\2) 

= ZdTA1A2 + n ( n c i i i + c 2 ^i 2 ) 
+ 2 # t ^ i 3 , (58) 

«1 = (3>1, *2 l ) , 
«2 = (3>1,— 3*1 • V4>1 + <£22) , 
6 = (4»i ,4»I-V4»I + 4>22), (59) 

Ci = Poo1 (4>i, Foi(^2i) + F02(<t>i)), 
C2 = (2poo)-1 , F01 (4>22) + G o i ( * i , <i>i) 

+ G00(4»i, 4>2i) + Goo(4»2i, 
= (12Poo)-1 (3>1, Goo(3>1, ^22) 

+ 2 Goo (<&22, 4»i) + Hoo(3>i, <&i, 

7. Nonlinear Theory of Linearly Stable Modes 

Due to the presence of ]/r in the time scaling (16) 
our theory was restricted so far to linearly unstable 
modes. For linearly stable modes we temporarily 

redefine r replacing Eq. (3) by 
r = X0 — X (3a) 

which produces a change of sign in the linear and 
third order terms of (2). All expansions with respect 
to e will be kept as in the case X > Xo. Technically, 
this can be achieved by simply changing the sign 
of -Boi, B03, poi, P03 in the scaling (20) and all sub-
sequent Equations. According to the Appendix we 
have then to change the signs of F01 and G01. To 
lowest order, nothing is changed and we get (35) 
again for the marginal mode. Changes occur in the 
second and third order Eqs. (40) and (57). Instead 
of the integrability condition (42) we now get 

n ( i i + y^Ax) = (3(5 t/2MI2 , (42a) 

where the definitions of y i 2 and are the same as 
for X > Xo • Instead of (58) we have 

r 2 ( i i + y T 2 ^ i ) + t i {Ä2 + 7T2^2) 
+ r i ( r i t t i i i + + bAx2) 

= 3<$T-4l^2 + T i ( n c i ^ i + C2^l2) 
+ 2 # t ^ i 3 , (58a) 

where a\, a2, b, are defined as before and where 

ci = PooM^i, -F 0 1 ( 4 »2 i ) + F 0 2 ( * I ) ) , 

C2 = (2poo)_1(4>i, — Foi(4»22) — Goi(<i>i, 4>i) 

+ Goo(*i , *2 i ) + Goo(4>2i, * i ) ) • (59a) 
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8. Discussion of the Nonlinear Motion 
Let us now discuss the physical consequences of 

the Equations derived. Two mainly different cases 
must be distinguished. 

1. If <5T =i=0, (42) is a nonlinear Equation for the 
first order amplitude of the marginal mode cpi. 
Since according to (43) —(44) yt2 and <5t are ob-
tained from <I>i by differentiations and an integra-
tion, in principle only 4>i must be determined from 
Eq. (35) in order to obtain nonlinear information. 

2. If <5T = 0, Eqs. (42) and (58) reduce to a set of 
linear Equations of the form 

n ( 4 i - y T M i ) = 0, 
r1(A2-yT2A2)=f(A1) 

— f{C exp (yi T)), (60) 
and at first glance no nonlinear information can be 
extracted from the theory. This form turns out to 
be inappropriate although still valid. The situation 
is similar to the case of expanding 

sin t = t — t3/3! H 
which is useless for long term predictions. However, 
(42) can be satisfied in this case also by setting 

n = 0. (61) 
Then, (40) reduces to 

Foo(cp2) = -(l /2)G0o(cpi,cpi) . (62) 
By inspection of (44) we see that the integrability 
condition for this Equation is just (5t = 0, i.e. the 
condition which made the original approach useless 
is necessary for our new approach. This second order 
Equation leads to no amplitude equation, the mo-
tion is marginal even to the first nonlinear order. 

The third order Eq. (57) reduces to 

Foo(cp3) = 72 000 ̂ 1 ^ 1 — {Goo (3*1, 3*20) «12 
+ Goo (3*20) 3>l)«21 
+ t2Foi(<S>IMI 
+ [Goo(3>l, 3*22) 
+ 2Goo(*22,3>l) 
-f Hoo(3>i, 4>i, 3»i)] Ai3/6} . (63) 

The integrability condition for internal modes be-
comes 
a) i ' i = - y T M i + 2(#T/T2Mi3 

for A > Ao, 
b) i ' i = - y T 2 ^ i + 2(#T/T2Mi3 

for A < Ao 

which are again nonlinear amplitude Equations for 
the marginal mode. 

There are important applications for which 
= 0: if the family of equilibria considered has an 

ignorable coordinate 0 (dpo/W =0 ect. ...) — e.g. 
the toroidal angle in tokamaks — and if «i>i ~ 
exp (in 0) — e.g. kinkmodes in tokamaks — then 
<5T = 0 since <5T is of third order in <I>i. Also, for 
63>i/50 = O we may have <5t = 0, e.g. for axisym-
metric modes in tokamaks which are antisymmetric 
with respect to the equatorial plane [15]. 

1. Case <5t+0 
In this case, the nonlinear motion for linearly un-

stable modes is to lowest order determined by (42). 
If, using (16), we return from T to t, we obtain 

d2A\jdt2 = ry^Ai + (3/2) (r /n) <5T^i2 • (65) 

Let us now introduce a total amplitude A defined by 
A = eÄ! + e2A2 + (66) 

According to Eq. (20) for cp, Eqs. (37), (46) and 
(49), A is the amplitude with which 4>i appears 
in cp. 

Inserting the expansions (66) and (10) into (65), 
we obtain to lowest order in e 

d2A/dt2 = ryi2^4 + (3/2) <5t-42 . (67) 

For linearly stable modes, we obtain from (42 a) this 
Equation with yT2 replaced by — yx2 and with r 
defined by (3 a). If for both A>Ao and A<Ao we 
uniformly use the definition (3) of r, we get (67) for 
both cases. From (67) we obtain after one time inte-
gration 

(dyl /dt)2+V (A) = const, (68) 
V(A) = - (ryT2 + 6tA)A2. 

According to our assumption (1), we have 
yT2 > 0 . (69) 

Since both cpi and —cpi are solutions of Eq. (35) 
and since (5T is of third order in <t>i (Eq. (44)), 
cpi can always be chosen such that 

<5T ^ 0. (70) 
Figure 2a shows the "potential" V(A) for A>Ao 
and A< Ao, | A — Ao | having the same value in both 
cases. 

The time behaviour of A (t) can be deduced from 
the analogy of (68) with the motion of a masspoint 
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Fig. 2a. Potentials V(A), Eq. (68), for dr + 0 . 
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Fig. 2b. Bifurcation diagram for 6T 4= 0. Instead of A = 
— (3>4/2<5r)T it should read A = — (2yl/3öT)r. 

in a potential V. Obviously, there exist new equilib-
rium positions at 

A = - (2yT2/3(5T)r (71) 

which are shown in the bifurcation diagram Fig. 2 b 
together with the set of unperturbed equilibria at 
4̂ = 0. According to Fig. 2 a, the bifurcating equi-

libria are obviously unstable for T < 0 . For R > 0 , 
they are obviously stable with respect to the mo-
tion tpi. Since we have assumed tpi to be an isolat-
ed eigenmode, according to [16] they are generally 
linearly stable in the neighbourhood of Ao • 

As for the time dependent solutions of Eq. (68), 
let us first consider the case A > Ao: The solution 

A = Cexp(j/^yT*) (72) 

of the linearized equation corresponds to the choice 
const = 0. For this choice, the nonlinear solution is 

A = [(l + w)2/(l - m)2 - l]yT2/<5T, 
u = Cexv(]/ryTt), (73) 

where C is a dimensionless integration constant. For 
C < 0 we get 4̂ and the motion is a nonlinear 
oscillation of infinite period about the equilibrium 
(71). For C > 0 we have A^O and get A = oo at 
the finite time t — — (In C)/(J/T}>T) : this is called 
explosive instability. 

For const < 0, the motion is either an oscillation 
with A < 0 and finite oscillation period — frictional 
effects not contained in ideal MHD will then grad-
ually damp out these oscillations and drive the 
plasma into the equilibrium (71) — or, we get again 
an instability of the explosive type with A > 0. 

For const > 0, the motion is generally an explosive 
instability. It may go down the slope at A ^ 0 either 
immediately or subsequently to one oscillation to 
the side A ^ 0. 

While the linear solution (72) is symmetric with 
respect to the sign of A, there exists a remarkable 
asymmetry in the nonlinear solution. An example 
will illustrate how this asymmetry comes about. Let 
us consider axisymmetric modes in tokamaks which 
are symmetric with respect to the equatorial plane. 
This is just the situation for which <5T=|=0. Accor-
ing to [17] there appears a linear instability of this 
type for elliptical plasma cross-sections, if the ver-
tical elongation of the ellipse becomes too large. For 
A > 0 or A < 0 respectively this instability increases 
or respectively decreases the elongation, i.e. A > 0 
represent physically asymmetric situations. Increas-
ing the elongation reinforces the cause of instability, 
which makes an explosive enhancement quite plau-
sible. Decreasing the elongation weakens the cause 
and would explain the occurence of an oscillation. 

Let us now consider the case A<Ao: According 
to Fig. 2a the motion will remain a nonlinear oscil-
lation about A = 0 as long as the initial perturba-
tion is weak enough. However, if this one is so 
strong that A can get beyond the unstable equilib-
rium position (71), we get again an explosive insta-
bility, which might be preceded by one oscillation 
towards ^4^0. Thus, the plasma may be non-
linearly unstable although it is stable according to 
linear stability theory, i.e. the stability boundary 
is shifted into the linearly stable regime. According 
to (3) and (71), the nonlinear stability boundary is 
given by 

A = Ao — (3 <5T/2 yT2) A , (74) 

where A is the minimum necessary amplitude for 
instability. Amplitude dependence of the stability 
boundary is a well known phenomenon in nonlinear 
stability. 

We briefly comment on what may be expected 
from higher order corrections. Obviously, the plasma 
motion cannot be described correctly by an explosive 
instability until A = oo, since this wrould contradict 
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energy conservation. (The same argument already 
holds for exponential instability.) Thus, after some 
time, higher order corrections must become impor-
tant. The next order Eq. (58) has the structure 

A2 = yHT)A2 + f(T), 
y2 _ yT2 3 ( < 5 T / T I M I ( T ) , (75) 

where f{T) depends on T through A\(T). This is 
a linear equation for A2 with given forcing term 
f(T) and given time dependent growth rate y[T) 
since A\{T) is known from the lower order. For a 
nonlinear oscillation A\(T), f{T) and y{T) are peri-
odic functions, and (75) is a Hill's Equation with 
a periodic forcing term. Parametric instability may 
occur in this case, i.e. the nonlinear stabilization of 
the linear instability caused by the periodicity of A\ 
may be destroyed in the next order. If A\ (T) is ex-
plosive, due to the timedependence of y (T) and due 
to the forcing term, A2 may increase even more 
dramatically. However, it may counteract the in-
crease of Ai and thus weaken the explosive decay. 

A more detailed discussion of (58) will be presented 
in a following paper. 

2. Case ÖT = 0 
In this case we have to deal with Eqs. (64). As in 

the case <5t4=0, using (16) we return from T to t 

1 \ 
/ \ 1 \ 

/ 

VIA) / " ^ 

A<x. \ 
/ \ / > 

; -A«» i 
i j i / i / i / i / 

\ Al21 \ * 

Y>x. 

Fig. 3a. Potentials V{A), Eq. (77), for (5T = 0, # t > 0 

2#t 

A=0 / 

•stable / 

.unstable 

I* 

i V(A) , i 

\ /A<x0 / 

\ > .AB» / \y 
Fig. 4a. Potentials V(A), Eq. (77), for 0T = 0,ftT<0 

AW--

Fig. 3 b. Bifurcation diagram for <5T = 0, # T > 0 . Instead 
A = ± * I &T it should read A = ± yi^— T/ (2). 

Fig. 4b. Bifurcation diagram for <5T = 0, # T < 0 . Instead 
of A = ± yTVr/fti it should read A — ± yi^— t / ( 2^ t ) . 

and make use of the expansions (10) and (66). Using 
uniquely the definition (3) of r, to lowest order in s 
we obtain both for A < Ao and A > Ao 

dtAjdt* = r yT2A + 2 A3 (76) 
and from this after one time integration (see [20], 
p.829) 

{dA/dt)2 + V{A) = const, (77) 
V{A) = - ( T / T 2 + # T ^ 2 M 2 . 

A linearly stable (A<Ao) and a linearly unstable 
(A>Ao) potential V(A) is shown for $ t > 0 in 
Fig. 3 a) and for $ t < 0 in Figure 4a). In both cases, 
| A — Ao | has the same value for A < Ao and A > Ao. 
Besides 4̂ = 0, from (76) we obtain also equilibrium 
positions for 

A2 — — (yT2/2 $T) T . (78) 
If $ t > 0 , this Equation has a solution only for 
r < 0 . If # t < 0 , solutions exist only for r > 0 . The 
bifurcating equilibria are shown in the bifurcation 
diagrams 3 b) and 4 b) respectively. In both cases we 
have parabolic bifurcation. According to Fig. 3a 
the bifurcating equilibria of Fig. 3 b are unstable, 
while according to Fig. 4 a and [16], the bifurcating 
equilibria of Fig. 4 b are stable. 

Turning to the nonlinear motions, we first con-
sider the case > 0. For A > Ao, all motions are 

A=0 
•stable 
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explosive instabilities, which for the choice const = 0 
in (77) are given by 

A = 2uj[l - (^T/yT2)^2], 

u = Cexp{]/ryit). (79) 

For A<Ao, the motions are nonlinear oscillations 
about A = 0 if the perturbation is weak enough. If 
the perturbation amplitude A can get beyond the 
unstable equilibrium positions of (78), we obtain an 
explosive instability again. The stability boundary 
is nonlinearly shifted towards 

A = ; . 0 - 2 ( # T / r r 2 M 2 . (80) 
For # t < 0 , the motion is a nonlinear oscillation 
either about ^4=0, if A<Ao, or, if A>Ao, about 
one of the two stable equilibria represented by (78). 

Induced Instabilities 

In both cases <5T =4= 0 and <5T = 0, additional modes 
are induced to the first nonlinear order according to 
(45) —(46). These, for A>Ao, are induced instabili-
ties. The modes cp2i and <p22 are "slaved" [18] by 
the lowest order instability tpi since their time evo-
lution is completely determined by the one of <pi 
through their dependence on A\(T). 

The induced modes do not play any role in the 
amplitude Eq. (42) for the case <5T=(=0 since the 
coefficient <5T of the nonlinear term only depends 
on <pi. Quite in contrast, through #T (see Eqs. (59)) 
the nonlinear motion (76) depends on the induced 
mode cp22 as well as on cpi for the case = 
Although cp2 is a lower order contribution as com-
pared to <pi, this is possible since according to (46) 
cp22 grows much faster than <pi so that 

| ««P22|/|<Pl| ~ 1 
after a finite time. 

Summary and Conclusions 

Nonlinear amplitude equations for the linearly 
marginal mode were derived. These are conditions 
of integrability for higher order equations obtained 
in a reductive perturbation analysis. Depending on 
the symmetry of the problem, two different cases 
are possible: For the one case, an explosive insta-
bility generally appears in the linearly unstable 
regime, while for the other, either an explosive in-
stability or a nonlinear oscillation is possible. When-
ever a linear instability is nonlinearly turned into 

an explosive instability, the stability limit is shifted 
into the linearly stable regime. Additional modes are 
induced in the first nonlinear order which, however, 
affect the lowest nonlinear amplitude equation only 
in one of both cases. 

There is a close relation between the type of non-
linear motion and the bifurcation of dynamically 
connected equilibria at Ao, which is observed in all 
cases. Bifurcation of equilibria might be restricted to 
the case of eigenmodes with isolated eigenvalues, 
which we considered in this paper. The bifurcating 
equilibria obtained satisfy the equilibrium equa-
tions only approximately, and there must not exist 
exact equilibria which are approximated by these. 
In tokamaks for example, the appearence of the 
kinkmode is accompanied by bifurcation of stel-
larator-like equilibria carrying toroidal current. The 
existence of such equilibria is not proven and is 
even doubtful [19]. 

The analysis of this paper is restricted to the case 
of internal modes. For external modes, the non-
linear boundary conditions on the plasma-vacuum 
interface must be treated. The same analysis is pos-
sible, and the same amplitude equations are ob-
tained, the determination of coefficients being still 
more complicated [14]. Specific applications of the 
theory presented and higher order effects which may 
lead to a saturation of explosive instabilities will be 
treated in following papers. 
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Appendix 
a) j, B, v, <p, etc. and g, resp., are vector- and 
scalar fields resp., Bi, Bio, Fo, Foo, Goo etc. are 
vector operators, while etc are scalar oper-
ators. 

b) List of operators 

/ = d/ /dT, (Al) 

(<p>x) = j V x d r > ( A 2 ; 
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where the integral extends over the whole plasma region. 

Bi(<P-X) = V x ( c p x x ) , (A3) 

/i(«P>Z) = - [ < P - V * + (5/3)ZV-<p], (A4) 

Bu(«p) = Bi(«p,Bw), t = 0,1,2, (A5) 

/ii(<p) =/i(«P'P0i), » = 0,1,2, (A 6) 

To (?) = jo X Bi B0) + [V X Bx (£ B0)] X B 0 - V / i (?, p0), (A7) 

Foo(<p) = 7 0 0 X Bio(cp) + [V X Bio(cp)] X B00 - V/io(cp) > ( A 8 ) 

Foi(tp) =7oo X Bn(cp) 4- [V X Bn(<p)] x B00 - V/n(cp) 
+ 7oi X Bio(cp) + [V X Bio(<p)] X Boi, (A9) 

F02(cp) = 7 0 0 X B12(cp) + [V X Bi2(<p)] X B00 - V/i2(cp) +702 X Bi0(cp) 
+ [V x Bio(cp)] x B02 +701 X Bn(<p) + [V x Bn(cp)] x B01, (A 10) 

Goo(cp,x) = 700 X Bi (cp, Bio (x)) + [Vx Bi(cp.Bio(x))] X Boo - V/i(cp,/i0(x)) 
+ [V x Bio(tp)] X Bio(x) + [V X Bio(x)] X Bio(cp), (Al l ) 

G01 (cp- cp) = 700 X Bi (cp. Bn (<p)) + [V x Bi (cp. B n (cp))] X Boo - V / i (cp,/n (cp)) 
+ 701 x Bi(cp, Bio(cp)) + [V x Bi(cp. Bio(cp)) x B0i 
+ 2 [V x Bio (cp)] X Bn (cp) + 2 [V x Bn (cp)] x Bi0 (cp), (A 12) 

Hoo (cp. cp, cp) = joo X Bi (cp. Bi (cp, B i 0 (cp))) + [V x Bx (cp. Bx (cp, Bi0 (cp)))] x B0 0 

— V/i(cp./i(cp,/n0(cp))) 
+ 3 [V X Bio(cp)] x Bi(cp. Bio(cp)) + 3 [V x Bx(cp. Bi0(cp))] x Bi0(<p). (A13) 

e) Properties of the operators listed: 
The linear operators (A5) — (A 10) have the prop-

erties 
J?(acp + bX) = «^(cp) + b&(X), (A14) 

where 
a = a{T), b — b{T), 

and 
ejS?(cp)/6T = ^(6cp/8T). (A15) 

The bilinear operators (A3), (A4), (All) , and (A12) 

have the property 
^(«icpi + a2cp2, &1X1 + ^2X2) (A16) 
= 0161 ̂ (cpi, xi) +a2&i^(cp2,Xi) 

-f a1b2^{cpi, X2) + «2&2^(cp2;X2)5 

where for (A4) xi a n ( l X- m u s t be replaced by 
scalars and a\, <22, b\ and 62 may be func-
tions of T, may be either a scalar or a vector 
operator. 

The trilinear operators (A13), Bi (cp, Bi (cp, Bio (cp))) 
and /i(cp,/i(cp,/io(cp))) have the property 

Jf (acp. ocp. acp) = a3 Jf (cp. cp. cp). (A17) 
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